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Abstract
We describe some mathematical properties of consistent sets of histories in the Gell-
Mann{Hartle formalism, and discuss their physical implications.
PACS numbers: 03.65.Bz
1. Introduction
The recent work by Griths, Omnes and Gell-Mann and Hartle on consistent quantum
histories has evoked much interest. The consistent histories approach is intended to give a
new treatment of quantum mechanics, generalising the Copenhagen interpretation [1,2,3,4]
and providing a natural interpretation of quantum cosmology [5,6,7]. These hopes rest
on as yet incomplete interpretational arguments and have naturally led to much debate
[8,9,10]. Our own arguments, together with a critique of the existing literature, will be
given elsewhere [11]. Our aim here is to draw attention to some mathematical properties
of consistent sets of histories, most of which have not previously been discussed in any
detail in the consistent histories literature, and to explain their physical relevance.
2. The Consistent Histories Formalism
We describe the consistent histories formalism as it applies to non-relativistic quan-
tum mechanics, in the Heisenberg picture, using the language of projection operators and
density matrices. We assume that a Hilbert space, H, and hamiltonian, H, are given, that
hermitian operators correspond to observables, that the commutation relations amongst
the hamiltonian and physically interesting observables (such as position, momentum and
spin) have been specied, and that the operators corresponding to the same observables
at dierent times are related by
P (t) = exp(iHt=h)P (0) exp( iHt=h) : (2:1)
We are interested in a system (in principle, the universe) whose initial density matrix 
i
is given. We require that 
i
is positive semi-denite. We also allow a nal density matrix

f




) = 1. Where 
f
is unimportant
we set it to 1 and write  for 
i
. The initial and nal density matrices give boundary








; these times can generally be set

















The projections should be considered as attached to particular times; however, since our
results depend only on the time ordering, we will generally omit explicit time labels.
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g with j running from










, which satisfy the conditions (2.2).
Then the histories given by choosing one projection from each 
j
in all possible ways
are an exhaustive and exclusive set of alternatives, S. We use Gell-Mann and Hartle's
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Hartle term a set satisfying (2.3) medium decoherent.)























; : : : ; 
n
g) by the set
of projections  = fQ
i
: i = 1; : : : ;mg if  satises (2.2) and S
0
is itself consistent. We say
the consistent extension S
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; : : : ; 
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g) a consistent
renement of the consistent set S if S
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trivial consistent renement in the same way as trivial consistent extension. We extend
these denitions by taking consistent renement, trivial consistent renement, consistent
extension and trivial consistent extension to be transitive relations. We use the term
consistent ne graining to mean either a consistent renement or a consistent extension.
We say a consistent set S ismaximally extended if it has no non-trivial consistent extension.
3. Classication of consistent sets
Let us now take the Hilbert space, H, to be of nite dimension n, and the nal density
matrices 
f
to be 1, unless otherwise specied. We rst describe how consistent sets may
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g, where the P
(i)
j
satisfy (2.2). These decompositions



























































Here, if the rst k
1
, the next k
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, ordered as above, are
equal | taking k
j

















is the group of permutations of k elements.
It is easy to use this parametrisation in explicit calculations: one can dene projections
fP
(1)












g by choosing an orthonormal basis of vectors
fx
1



































and so on. The redundancies in this parametrisation correspond to the actions of the
quotient subgroups, and can be eliminated at any convenient point. Thus, in principle,
we can simply x the form of the initial density matrix, x the ranks of the projection
operators in the type of consistent set we wish to classify, and then impose the consistency
conditions (2.3). These dene real algebraic curves in the generalised grassmannians (3.1)
and their intersection is an algebraic variety whose generating polynomials can be obtained
by the usual reduction methods.
Unfortunately, the algebraic equations are generally very complicated. However, it is
at least possible to guess at the the qualitative features of the solution spaces. What one
expects, naively, is a solution space of dimension given by the number of parameters minus
























, while a set 
1
; : : : ; 
k
of projective decompositions of length
n
1
; : : : ; n
k
gives rise to no more than n
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  1) real equations, one





































A typical physical illustration of the consistent histories formalism would involve a
small number of projection operators, describing quasiclassical operators in a large Hilbert
space. One might, for instance, describe a coarse-grained trajectory of a dust grain, in-
teracting with a photon background. Such physical projection operators rarely form a
precisely consistent set, and there has been debate over whether or not it is possible to
nd close approximations to the projection operators which are exactly consistent. These
parameter-counting observations strongly suggest that it is possible, although of course
they prove nothing rigorously. If so, there is no need to follow Gell-Mann and Hartle
in ascribing a fundamental role to approximately consistent sets. Imposing equivalence
relations among the consistent sets would, of course, reduce the estimate (3.3). How-
ever, no equivalence relation suggested to date would make a qualitative dierence to this
conclusion.
4. Properties of Consistent Sets
We now suppose that physics is described by exactly consistent sets, and look at what
this implies. We omit proofs, which can be found in Ref. [11].
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Lemma 1 Let S = (; f
1
; : : : ; 
k
g) be a consistent set which is not a trivial ex-
tension of any consistent subset, dened on a space H of dimension n, with initial density
matrix  of rank r. Then the length k of S obeys k  rn. (In particular, if  is pure then
k  n.)
In other words, in a nite-dimensional space there is a strict bound on the number of
unpredictable physical events. This is mathematically an unsurprising feature of the for-
malism but, as far as we are aware, physically quite new: no previous interpretation has
suggested that quantum stochasticity is exhaustible in this way.
A key problem in interpreting the formalism is explaining how a particular consistent
set | the physically relevant set | is to be xed. If this is done, one can simply declare
by at that physics should be described by one history from the relevant set, chosen at
random using the decoherence functional probability distribution. It would be of some
help here if, when some of the projective decompositions in the relevant set are known,
others can be determined. In particular, it would be very useful if, taking the past and
present for granted, we were able to deduce the form of the relevant set in the future, using
only consistency criteria. This, though, is generally false:
Lemma 2 Let S be a set of consistent histories that is not maximally extended, with a
pure initial state , and let H be either nite-dimensional or separable. Then there exists a
continuous family of non-trivial extensions for each history in S with non-zero probability.
So, if a consistent set describing a physical system up to time t leaves some future events
unpredictable, there are innitely many dierent consistent continuations of that set. In
particular, if a consistent set describes, in Gell-Mann and Hartle's language, quasiclassical
physics | involving operators describing the same types of variables at dierent times,
following largely deterministic evolution equations | up to time t then, if any unpre-
dictability remains, almost all future consistent continuations will not be quasiclassical.
Whatever our experience of a persistently quasiclassical world may be ascribed to | and
there are various suggestions [11] | it does not follow simply from consistency.
Still, one might hope that at least, if the set up to time t is quasiclassical, then any
non-quasiclassical consistent future extension can consistently incorporate future deter-
ministic quasiclassical predictions. Indeed, Omnes has suggested that this is so [4]. But
4
in fact, as Omnes now accepts, this fails quite generally. If unpredictability remains, then
there are no future predictions consistent with all consistent extensions of the present data:
Lemma 3 Let S = (j ih j; f
1
; : : : ; 
l
g) be as in Lemma 2, with H nite-dimensional











g) is a consistent extension of S
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r
g) of S has a consistent
extension (; f
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Another interesting point about future predictions is that they rely, in the sharpest pos-
sible sense, on the nal density matrix. We can introduce a non-trivial 
f
in such a way
as to preserve the probabilities of all the data to hand, and yet exclude any given future
prediction:
Lemma 4 Let S = (j ih j; f
1
; : : : ; 
l
g) be as in Lemma 2, with H nite-dimensional,
and let S
0
= (j ih j; f
1




g) be a non-trivial consistent extension. Then there









; : : : ; 
l
g) is consistent
(ii) The histories of S
f
have the same probabilities as those of S.
(iii) The extension S
0
f









We have only been able to identify one class of statements which can consistently be
added to any consistent extension of a set. These arise where the set contains the same
decomposition twice. In this case, further repetitions can be included, provided that they
are made between the rst two:
Lemma 5 Let S = (; fs
1








; : : : ; s
k
g)  (; fS
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2
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g) be an extension of S by a further repetition of t at some point







Put picturesquely, if a tree is observed standing in the forest at dusk and dawn, and if the
dynamics cause no qualitative complications, then the formalism allows us unambiguously
to deduce that it remained standing overnight while unobserved.
5
However, the formalism does not generally allow unambiguous deductions about the
past, as is easily illustrated:





















































































= P (0; 0) ; P
(2)
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g), is not consistent if x
12
6= 0.
Finally, one might still hope that consistency does allow unambiguous inferences to be
made about correlated systems. Again, though, it is easy to nd counterexamples:










































































































; : : : ; 
1
g) is consistent and describes the correlation of the

















does not describe the correlations, and cannot be consistently extended

















This suggests that in general one cannot unambiguously deduce the behaviour of one
subsystem from a quasiclassical description of another, disjoint but perfectly correlated,
subsystem. Of course, this translation ignores possible complications arising from an in-
teraction hamiltonian, and more detailed discussions would be useful. However, since we
expect that these complications aect only the description of the relevant sets, rather than
their algebraic properties, we conjecture that the translation is correct.
5. Conclusions
These results illustrate interesting features of the consistent histories formalism. Those
who prefer their fundamental theories to be mathematically precise will be encouraged that
the use of approximately consistent sets can apparently be avoided. On the other hand,
consistent sets generally lack some of the pleasant properties one might naively hope for,
and if the consistent histories formalism is to solve the problems of quantum mechanics and
quantum cosmology, it requires interpretational arguments that explain why the bizarre
features of general consistent sets are not reected in our experience. The arguments
along these lines which have been sketched in the literature [4,5,6] therefore deserve careful
scrutiny.
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